ELEMENTARY POLYTOPES WITH HIGH LIFT-AND-PROJECT RANKS
FOR STRONG POSITIVE SEMIDEFINITE OPERATORS

YU HIN (GARY) AU AND LEVENT TUNCEL

ABSTRACT. We consider operators acting on convex subsets of the unit hypercube. These
operators are used in constructing convex relaxations of combinatorial optimization problems
presented as a 0,1 integer programming problem or a 0,1 polynomial optimization problem.
Our focus is mostly on operators that, when expressed as a lift-and-project operator, involve
the use of semidefiniteness constraints in the lifted space, including operators due to Lasserre
and variants of the Sherali-Adams and Bienstock—Zuckerberg operators. We study the perfor-
mance of these semidefinite-optimization-based lift-and-project operators on some elementary
polytopes — hypercubes that are chipped (at least one vertex of the hypercube removed by
intersection with a closed halfspace) or cropped (all 2" vertices of the hypercube removed by
intersection with 2™ closed halfspaces) to varying degrees of severity p. We prove bounds on p
where the Sherali-Adams operator (strengthened by positive semidefiniteness) and the Lasserre
operator require n iterations to compute the integer hull of the aforementioned examples, as
well as instances where the Bienstock—Zuckerberg operators require (y/n) iterations to return
the integer hull of the chipped hypercube. We also show that the integrality gap of the chipped
hypercube is invariant under the application of several lift-and-project operators of varying
strengths.

1. INTRODUCTION

A foundational tool in tackling many combinatorial optimization problems is the construction
of convex relaxations. Starting with a 0,1 integer programming formulation of the given problem,
the goal is to find a tractable (whether in practice or theory, hopefully in both) optimization
problem with essentially the same linear objective function, but a convex feasible region. Let
P C [0,1]™ denote the feasible region of the linear programming relaxation of an initial 0,1
integer programming problem. In our convex relaxation approach, we are hoping to construct a
tractable representation of the convex hull of integer points in P, i.e., the integer hull of P

Py :=conv (PN{0,1}").

However, it is impossible to efficiently find a tractable description of P; for a general P (unless
P = NP). So, in many cases we may have to be content with tractable convex relaxations that
are not exact (i.e. strict supersets of the integer hull of P).
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Lift-and-project methods provide an organized way of generating a sequence of convex relax-
ations of P which converge to the integer hull P; of P in at most n rounds. Minimum number of
rounds required to obtain the integer hull by a lift-and-project operator I is called the I'-rank of
P. The computational success of lift-and-project methods on some combinatorial optimization
problems and various applications is relatively well documented (starting with the theoretical
foundations in Balas’ work in the 1970s [Bal74]; this appeared as [Bal98]), and the majority of
these computational successes come from lift-and-project methods which generate polyhedral
relaxations. While many lift-and-project methods utilize in addition positive semidefiniteness
constraints which in theory help generate tighter relaxations of P;, the underlying convex op-
timization problems require significantly more computational resources to solve, and are prone
to run into more serious numerical stability issues. Therefore, before committing to the usage
of a certain lift-and-project method, it would be wise to understand the conditions under which
the usage of additional computational resources would be well justified. Indeed, this argument
applies to any collection of lift-and-project operators that trade off quality of approximation
with computational resources (time, memory, etc.) required. That is, to utilize the strongest
operators, one needs a better understanding of the class of problems on which these strongest
operators’ computational demands will be worthwhile in the returns they provide.

In the next section, we introduce a number of known lift-and-project operators and some
of their basic properties, with the focus being on the following operators (all of which utilize
positive semidefiniteness constraints):

e SA, (see [Auldl [AT16]), a positive semidefinite variant of the Sherali-Adams operator
SA defined in [SA90];

e Las, due to Lasserre [Las01];

e BZ/, (see [Auld, [ATT6]), a strengthened version of the Bienstock—Zuckerberg operator
BZ. [BZ04].

Then, in Section 3, we look into some elementary polytopes which represent some basic
situations in 0,1 integer programs. We consider two families of polytopes: unit hypercubes that
are chipped or cropped to various degrees of severity. First, given an integer n > 1 and a real
number p where 0 < p < n, the chipped hypercube is defined to be

n
P ,i= {:B €1[0,1]": le < n—p}.
i=1

Similarly, we define the cropped hypercube

Qnp:=qxel0,1]": Z(l—xi)+2xi >p, ¥SCn],p,

i€S iZS

where [n] denotes the set {1,...,n}. These two families of polytopes have been shown to
be bad instances for many lift-and-project methods and cutting-plane procedures (see, among
others, [CCHS9, [CLO1, [CDO01,, IGT01) Lau03, [Che07, PS10, DP14, KLMI15, BDG17]). Moreover,
these elementary sets are interesting in many other contexts as well. For instance, note that each
constraint defining @, , removes a specific extreme point of the unit hypercube from the feasible
region. In many 0,1 integer programming problems and in 0,1 mixed integer programming
problems, such ezclusion constraints are relatively commonly used.

Herein, we show that these sets are also bad instances for the strongest known operators,
extending the previously known results in this vein. In particular, we show the following:
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e The SA -rank of P, , is n for all p € (0,1), and is at most n — [p] + 1 for all p € (0,n).
In contrast, we show that LS (a simple polyhedral operator defined in [GT01] that is
similar to the LSy operator due to Lovész and Schrijver [LS91]) requires n iterations to
return the integer hull of P, , for all non-integer p € (0,n — 1).

e The integrality gap of SA¥ (P, ,) in the direction of the all-ones vector is

(n—k)(1—p)
(n—1)(n—k+kp)

for all n > 2,k € {0,1,...,n}, and p € (0,1). Moreover, we show that this integrality
gap is exactly the same, if we replace SA, by an operator as weak as LS.

e The Las-rank of P, , is n for all p € (0 n?-1

) ST 21
Cheung [Che07], who showed the existence of such a positive p but did not give concrete
bounds.

e The Las-rank of Q,, , is n for all p € <0, %), and at most n—1 for all p > 57—

1+

}. This strengthens earlier work by

e There exist n,p where the BZ/ -rank of P, , is Q(y/n), providing what we believe to
be the first example where BZ/, (and as a consequence, the weaker BZ, ) requires more
than a constant number of iterations to return the integer hull of a set.

The tools we use in our analysis, which involve zeta and moment matrices, build on earlier
work by others (such as [Lau03] and [Che07]), and could be useful in analyzing lift-and-project
relaxations of other sets. Finally, we conclude the manuscript by noting some interesting be-
haviour of the integrality gaps of some lift-and-project relaxations.

We remark that preliminary and weaker versions of our results on the Lasserre relaxations
of P, , and @, , were published in the first author’s PhD thesis [Aul4]. During the writing of
this manuscript, we discovered that Kurpisz, Leppénen and Mastrolilli [KLM15] had obtained
similar and stronger results. In fact, in their work, they characterized general conditions for
when the (n — 1) Lasserre relaxation is not the integer hull. Using very similar ideas to theirs,
we have subsequently sharpened our results to those appearing in this manuscript.

2. PRELIMINARIES

In this section, we establish some notation and describe several lift-and-project operators
utilizing positive semidefiniteness constraints.

2.1. The operators SA,SA_,SA’, and LS;. Let F denote {0,1}", and define A := 2%, the
power set of F. As shown in [Zuc03], many existing lift-and-project operators can be seen as
lifting a given relaxation P to a set of matrices whose rows and columns are indexed by sets in
A. For more motivation and details on this framework, the reader may refer to [AT16].

We first define the operator SA due to Sherali and Adams [SA90], while introducing the
notation and notions that we shall build upon when we subsequently turn our focus to the more
complicated operators. Given P C [0, 1]", define the cone

K(P) := {<;‘x> eR" x>0, :EEP},

where we shall index the extra coordinate by 0. Next, we introduce a family of sets in A that
are used extensively by the operators we will introduce in this paper. Given a set of indices
S C [n] and t € {0,1}, we define

Sy ={zeF:x;=t, VieS}.
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Note that 0|p = 0]; = F. Also, to reduce cluttering, we write i|; instead of {i} |;. Next, given
any integer ¢ € {0,1,...,n}, we define

Ay ={S1NT|o:S,TCn,SNT=0,|S+|T| <},
and
Af ={S)1:5C[n],|S| <¢}.
For instance, Ay = Af = {F},
Ay ={F, 11,2|1,...,n|1, 10,20, --,nl0},
and
AT ={F,111,21,...,n[1}.

Given a vector y € R4 where Al C A C A, we let 2(y) := (Yr Y1y, -- ,ynh)T. We usually
use Z(y) when we project y from a higher dimension to a vector in R**!, and verify its mem-
bership in K(P). Therefore, sometimes we may also alternatively index the entries of Z(y) as
(Y0 Y1s-- -1 Yn) | -

Finally, let e; denote the unit vector (in the appropriate space) indexed by i (which could be
an integer among {0,1,...,n}, or a set in A; this will be made clear by the context). Then,
given an integer k € [n], we define the operator SA¥ as follows:

(1) Let S/;Ak(P) denote the set of matrices Y € RAT *Ax which satisfy all of the following
conditions:
(SA1) Y[F,F]=1.
(SA2) Ye, € K(P), for every a € Ay.
(SA 3) For every S1NT|o € Ag—1,

YeS|1ﬂT|oﬂj|1 + YeShﬁT‘oﬁj‘o = YeS|1ﬁT|07 V] € [TL] \ (S U T)

(SA4) For all « € A, B € Ay, such that N B =10, Y[a, 8] = 0.
(SA5) For all a1, az € AT, 1, B2 € Ay such that ag N 1 = ag N Pa,
Yai, p1] = Yaz, Ba].
(2) Define

SAK(P) := {m eR": 3V € SA'(P),Yer — <i> } .

Notice that we have presented the SA* operator differently compared to some of its descrip-
tions in the literature, as this broader framework (of lifting a set to matrices whose rows and
columns are indexed by sets in A) is needed when we later study the more complex operators
(such as the Bienstock—Zuckerberg variants). To see the correspondence between the traditional
description of the SA¥ operator (in terms of linearizing polynomial inequalities of the input
relaxation P) and ours, suppose we are given an inequality > ;" | a;x; < ag that is valid for P.
Then if we take disjoint subsets of indices S, T C [n] such that |S| 4 |T| < k, SA* generates the
inequality

After expanding the products, each term of the form xi (where j > 2) is replaced by z;, and then
each nontrivial product of monomials [],.;; #; by a variable 2y to obtain a linear inequality. In
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our definition of SA¥, the corresponding linearized inequality is

n
Z aiY[i|1, S|1 N T|0] < CLOY[.F, S|1 N T|0],
i=1
which is imposed by (SA 2) on the column of Y indexed by the set S|;NT'|p. Also, in the original
description of SA¥, the variable z; is used to represent all appearances of the product [Licy zi
in the formulation, which could arise when the inequality is generated using multiple choices
of S and T'. In our description, this step of identifying all instances of the product [[;.;; z; with
the same variable zy is captured by (SA5).
Observe that, in our description, the lifted space of SA* is a set of matrices with |Ag| =
Zf:o 2! (7;) columns. From the condition (SA 3), we see that many of these columns are linearly

dependent. In fact, for every Y € S/Kk(P)7 the columns of Y corresponding to the sets in .AZ
always span the column space of Y (the same applies for the columns corresponding to sets
in Ay \ Ag_1). Thus, one could define SA¥ such that its lifted space consists of matrices with
much fewer columns. We opted to include the “extra” columns because this way each “verify
membership in K(P)” constraint imposed by (SA2) only involves entries in a single matrix
column in the lifted space, as opposed to linear combinations of up to 2¥ columns had we only
used columns representing sets in, say, Az.

Next, we define two strengthened variants of SA which we call SA; and SA/,. Let S denote
the set of n-by-n real, symmetric matrices that are positive semidefinite. Then, given a positive
integer k € [n], we define the operators SA® and SA' as follows:

(1) Let S/Ri(P) be the set of matrices Y € ka which satisfy all of the following conditions:
(SA, 1) Y[F,F] =L
(SA 2) For every a € Ag:
(i) #(Yeq) € K(P);
(i) Yea > 0.
(SA+ 3) For every S|1NTlp € Ag_1,

Yes,nrionih + Yespnlonilo = Yespnre: Vi € 0]\ (SUT).
SA 4) For all o, 8 € Ay such that a N g =0,Y][«, 8] = 0.
SA.5) For all ay, e, 1, B2 € Ag such that a1 N B = ae N Ba, Y[aa, B1] = Yae, Ba).

(
( — 1k —k
(2) Let SA, (P) be the set of matrices in SA_ (P) that also satisfy:
(SA!, 4) For all o, 8 € Ay, such that aN NP =0,Y[a, 8] = 0.

(3) Define

SA%(P) = {x eR":3Y € Eﬁi(P)’i(YGI) - <i) } ’
and

SA(P) = {x €R":3Y € SAT(P),&(Yer) = (i) } .

The operators SA{CF and SA’f are rather similar in nature. First, SA{’“F is a strengthening of the
SA* operator. Not only does it impose all conditions required by SA*, it extends the lifted space
of SA* (which consists of matrices of dimension (n 4+ 1) x ©(n¥)) to a set of ©(n*)-by-©(nk)
symmetric matrices, and imposes an additional positive semidefiniteness constraint on this large

K
square matrix. Thus, given a set P and a matrix Y in SA (P), the submatrix of ¥ with the
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rows corresponding to sets in A} would be in Sﬁk(P) Hence, it follows that SA% (P) C SA*(P),
for every set P C [0, 1]" and for every k > 1.

Next, to see that SAi (P) is indeed a relaxation of Py, observe that given any x € PN{0,1}",
if we define the vector ' € R4 where

, 1 ife; =1, VieSandx; =0, VieT;
(SN Tlol = { 0 otherwise,
then it is easy to check that the matrix 2/ (2/)" is in @i(P) Since SA% (P) is a convex set by
construction, it follows that P; C SA% (P).

As for SA’F, observe that the condition (SA/, 4) is more restrictive than (SA 4), and thus SA’Y
forces more variables to be zero in the lifted space, and potentially produces a tighter relaxation.
Thus, SA’F(P) C SA%(P). Conversely, it was shown in [Auld] that SA%*(P) C SA’¥(P) in
general (i.e. strengthening SA | by imposing the additional requirement (SA’_ 4) can only reduce
the lift-and-project rank of any set by a factor of at most 2). We will mostly focus on SA,, and
only use SA!_ for relating the performance of SA; and the Bienstock—Zuckerberg operators in
certain situations.

Figure || illustrates the structure of the lifted spaces of SA’i and SA’ff compared to SA*.
As with SA*, our description of SA’_‘; and SA’j’LC ensures that the matrices in their lifted spaces
have many linear dependencies among their rows and columns, as this will make our subsequent
analyses of these operators simpler. Similar but weaker versions of SAi have been considered
in the literature, such as the Sherali-Adams SDP operator studied in [CS08] and [BGMT12],
whose positive semidefiniteness constraint is only applied on the Af X Af symmetric minor
for all £k > 1. In contrast, our version of SAﬁ requires the entire A; x Aj matrix displayed in
Figure [T] to be positive semidefinite.

Finally, LS, the operator defined in [LS91] that utilizes positive semidefiniteness, is equivalent
to SA}F. Then if we let LSi denote k iterative applications of LS, it was shown in [AT16] that
SA® dominates LS¥ in general. That is, for every set P € [0,1]", P; C SA* (P) C LSk (P).

2.2. The Lasserre operator. We now turn our attention to the Las operator due to Lasserre
[Las01]. While Las can be applied to semialgebraic sets, we restrict our discussion to its applica-
tions to polytopes contained in [0,1]". Gouveia, Parrilo and Thomas provided in |[GPT10]
an alternative description of the Las operator, where P; is described as the variety of an
ideal intersected with the solutions to a system of polynomial inequalities. Our presentation
of the operator is closer to that in [Lau03] than to Lasserre’s original description. Given
P:={x€[0,1]": Az < b} (where A is an m-by-n matrix and b € R™), and an integer k € [n],

—k +
(1) Let Las (P) denote the set of matrices ¥V € Sﬁ’““ that satisfy all of the following
conditions:
(Lasl) Y[F,F] = 1;
(Las2) For every i € [m], define the matrix Y € SAC where

YIS, 8] := biY[S]1, 8']1] ZAZ JYI(SU{GHh, (S"U 3D,

and impose Y* > 0.
(Las3) For every ai,aq, 51,52 € Az such that a1 N B1 = ae N Ba, Yoy, f1] = Y]ag, 52].
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(2) Define
Las"(P) := {x €R":3Y € Las (P) : #(Yer) = <i> } .

For all operators I' considered in this paper, and for every polytope P C [0,1]", we define
ro(p) .= P.

We note that, unlike the previously mentioned operators, Las requires an explicit description
of P in terms of valid inequalities. While it is not apparent in the above definition of the Las
operator (as it only uses the variables in the form S|;, instead of the broader family of S|; N Ty
as in operators based on SA), we show that Las does commute with all automorphisms of the
unit hypercube.

Proposition 1. Let L : R" — R" be an affine transformation such that {L(z) : x € [0,1]"} =
[0,1]™. Then, Las®(L(P)) = L(Las*(P)) for all polytopes P C [0, 1] and for every positive integer
k.

Proof. Since the automorphism group of the unit hypercube is generated by linear transforma-
tions swapping two coordinates and affine transformations flipping a coordinate, it suffices to
prove that Las commutes with each of these transformations. First, we show that Las® commutes
with the mappings which swap two coordinates. Without loss of generality, we may assume the
coordinates are 1 and 2. Let L; denote the linear transformation, where

zo ifi=1;

[Li(x)]; == z1 ifi=2;
x; otherwise.

We also define the map L : .A,jH — A;H where

(S\A{1HU{2}hh if1e S 2¢5;
L(S]h) = g(|5\{2}) U{thh if}21 €5,1¢5;
1 otherwise,

—k
Now suppose z € Las¥(P), with certificate matrix ¥ € Las (P). We show that Li(z) €
Las®(L1(P)). Define Y’ € S4i+1 such that

Y'[S|h, T|i] = Y[L(S) |1, L(T)], for all S,T € Ap1.

Then we see that Y’/ is Y with some columns and rows permuted, and thus is positive semidefinite
too. Next, for each a € R"*! such that ag + Yo aiz; > 0 is an inequality in the system
describing P, define o’ € R"*! where

ay ifi=1;
ai =< a1 ifi=2;
a; otherwise.
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Then the collection of the derived inequalities af + Y ;- ; alz; > 0 describe L(P). If this is the

4™ inequality describing L(P), then

i=1

Y[S]1, T]]

= %thﬂﬂ+§)ﬂﬂﬁuﬁmh@UUMﬂ

= %Y[(ﬂh(TF?+@YM@U{HHhﬁTU{HNﬂ+mYM6U{%NnaTUQDM
+§:Y (SU{ibl, LT U{i}))h]

= %Y[(m7UW]+@YM@MHﬂh£UUUQHﬂ+MYM@MHHbE@MHHM
+§:Y (SU{iph, LT U{i}))]]

= W[(W,UML

Thus, Y is also Y7 with rows and columns permuted, and thus is positive semidefinite. Hence,

we obtain that #(Y'er) = Li(z) is in Las(L;(P)).

Next, consider the affine transformations flipping a coordinate (without loss of generality, the
first coordinate). So, we define Ly : R" — R"™ where

[M@me{l—miﬁzy

T; otherwise.

Also, for every integer £ > 1, define U®) e RA: *A¢ guch that

IS\T T CSCTUWS
UOLS[1, T N W] = { E) ) otherwise.

—k _ _
Now let = € Las®(P), with certificate matrix Y € Las (P). Define Y € S4+1 where Y :=
(U Ty ¢+ - This time, we let £ : Af.; — Apy1 denote the map where

S| otherwise,

L(S|) := { ((S\{1Hhh N1l if1€S;

and let Y’/ € SA:H such that
Y’[S|1,T|1} = Y[E(S)h,,C(T)h], for all S,T S Ak+1.

Then we see that Y’ is a symmetric minor of Y = (U Tyy*+h - Since Y > 0, it follows
that Y’ = 0 as well. Next, for each a € R""! such that ag + > i~ ; a;z; > 0 is an inequality in
the system describing P, define o’ € R"*! where

ap+ayp if i =0;
a; ;=< —ap ifi1=1;
a; otherwise.
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Then the collection of the derived inequalities af + Y. ; ajz; > 0 describe L(P). If this is the
4™ inequality describing L(P), then

Y[y, T

= apY'[S1, TIh] + Y aY'[(S U {i}), (T U {i})]1]
=1

= (a0 + a))Y[L(S), L(T)h] = arY [L(S U {1}) 1, LT U{1})]]
+iY[£(SU (i), £(T U{i})[]

= aogfﬁ(s)hyﬁ(T)h] +aY[L(S) U{1} 1, L(T) U {1} 1]
+§:Y[E(S) U {i} [, £(T) U {i} ]

= (((zf:(z))TYjU(k))[ﬁ(S)lhﬁ(T)|1]~

Thus, Y is a symmetric minor of (U®)TYJU®)  and thus is positive semidefinite. Therefore,
#(Y'er) = La(x) is in Las(La(P)). O

2.3. The Bienstock—Zuckerberg operator. In [BZ04], Bienstock and Zuckerberg devised
a positive semidefinite lift-and-project operator (which we denote BZ, herein) that is quite
different from the previously (pre-2004) proposed operators. In particular, in its lifted space, it
utilizes variables in A that are not necessarily in the form S| N T, in addition to a number
of other ideas. One such idea is refinement. While BZ is defined for any polytope contained
in [0, 1]™, we will restrict our discussion to lower-comprehensive polytopes for simplicity’s sake.
A polytope P is defined to be lower-comprehensive if, given any x € P, every vector y where
0 <y < zis also in P. Note that many natural relaxations of packing-type problems (such as
the stable set problem and maximum matching problem of graphs) are lower-comprehensive.

Let polytope P := {x € [0,1]" : Az < b}, where A € R™*™ is nonnegative and b € R™ is
positive (this implies that P is lower-comprehensive; conversely, every n-dimensional lower-
comprehensive polytope in [0,1]" admits such a representation). Next, given a vector v, let
supp(v) denote the support of v. Also, we define a subset O of [n] to be a k-small obstruction
of P if there exists an inequality a 'z < b; in the system Az < b where

e O Csupp(a);
° ZjeO a; > b;; and
o |O|<k+1or|O|>|supp(a)| — (k+1).

Observe that, given such an obstruction O, the inequality ) ;.o x; < |O| — 1 holds for every
integral vector x € P. Thus, if we let Oy, denote the collection of all k-small obstructions of the
system Ax < b, then the set

Or(P) := {x €P: Za:z <|0|-1, YO € Ok}
1€0

is a relaxation of Py that is potentially tighter than P. After tightening P with these obstruction
inequalities, BZ lifts Ok (P) to a higher space, whose dimensions depend on collections of indices
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called walls and tiers. Define

Wy, == U 0in0;):04,...,0,€ Ot <k+1p U{{1},....{n}}
i,j €[], i#]

to be the collection of walls. That is, each wall is either a singleton set of an index in [n], or is
generated by a subset of up to (k+ 1) k-small obstructions, where a wall is formed by the set of
elements that appear in at least two of the given obstructions. Next, we define the collection of
tiers
k
Tri=1{SCn]:IW;y,..., Wy €W, S C (W,
j=1

That is, a set of indices S is a tier if it is contained in the union of a set of up to & walls. Observe
that since all singleton sets are walls, every subset of [n] of size at most k is a tier.

Next, we present the details of BZ/,, a simplified variant of BZ that is shown in [ATT6] to
dominate BZ,. Intuitively, BZ'_ 1is less selective than BZ, in generating variables, and could
lift P to a lifted space whose dimensions is exponential in n. Since we shall only use BZ/, to
establish hardness results, the fact that it may not produce tractable relaxations is not a concern
here.

Also, observe that the collections of obstructions, walls and tiers depend on the algebraic
description of a set. Thus, BZ; and BZ/, could lift two sets in [0,1]" (or even two different
systems of inequalities describing the same set) to lifted spaces of different dimensions. In
contrast, the dimensions of the lifted space for all other operators we introduced earlier only
depend on the dimension of the input set P. Bienstock and Zuckerberg showed in [BZ04] that
the adaptivity enables BZ, to efficiently solve some set-covering type problem instances that
could require exponential effort by the earlier operators.

On the other hand, one can construct instances where the system Az < b describing the input
set P does not have a single k-small obstruction. In that case, the only walls generated are the
singleton sets, and the tiers are exactly the subsets of indices of size at most k. This is one of the
main ideas we will utilize in showing that BZ’+ performs poorly on certain families of chipped
hypercubes. While we present the full details of BZ’+ below for completeness, the reader should
be aware that many of these details will not be triggered in our subsequent analysis of BZ/, .

While variants based on the SA operator only generate variables of the form S|; NT|y in the
lifted space, variables in the BZ/_ formulation can take a more general form. Given a set U C [n]
and a nonnegative integer r, we define

U|<r::{az€}"12xi§r—l}.

€U
Then all variables generated by BZ'_ in the lifted space correspond to S|y NT'|oNU |, for disjoint

sets of indices S,T" and U. Next, given an integer k € [n], the BZ’Jr operator can be described
as follows:

(1) Define A’ to be the set consisting of the following. For each tier S € Ty, include:
(2) (S\T)1 N Tlo,
for all T'C S such that |T'| < k; and
(3) (SN (TUU) LN Tlo VUl <= k=115
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for every T, U C S such that UNT = 0,|T| < k and |U|+|T| > k. We say these variables
(indexed by the above sets) are associated with the tier S.

(2) Let E/QT(P) denote the set of matrices Y € S that satisfy all of the following conditions:
(BZ'1) Y[F,F] =L
(BZ'2) For every column y of the matrix Y,
(i) 0 < yo <yr, forall a € A'.
(i) 2(y) € K(Ok(P)).
(iil) v, + ¥, = yF, for every i € [n].
(iv) For each @ € A’ in the form of S|; NT|y impose the inequalities

(4) Yy > Ya» Vi€S;

(5) Yip = Yar» YVi€T;

(6) Yo T YSUEHLNT\D = Ysha@\(iPlor Vi € T
(7) S Ui+ ) i —va < (ISI+IT] - Dyr

i€S €T

(v) For each a € A’ in the form S|y N T|p N U|<,, impose the inequalities

(8) Yih = Ya, Vi€ES;
(10) > v = (U= (r=1))yas
iceU
(11) Yo = YUsSinTh — D, YSUU)LATUAT)o-
U'cu,lu’|>r

(BZ'3) For all a, 8 € A’ such that aNBNP =0, Y|a, 3] = 0.
(BZ'4) For all ay, 1, az, 82 € A" such that a1 N B = as N Be, Yy, B1] = Yag, Ba].
(3) Define

BZ*(P) = {x €R":3Y € BZ}(P),i(Yer) = <31:) } .

Again, observe that in the case when the inequalities describing P does not have any k-small
obstructions, every tier S has size at most k. Then all variables generated by BZ', would be
through (12 . and hence are of the form S|y NT|y. With no variables generated through , many

—/k
subsequent conditions (such as and (1)) are not triggered, and matrices in BZ +(P) have
dimensions A x Ag. In this case, the performance of BZ/, is comparable to that of SA+:

Proposition 2. If P = {z € [0,1]" : Az < b} where Az < b does not have a single k-small
obstruction, then

SA?¥(P) C BZ¥(P).

Proof. If P does not have a single obstruction, then Oi(P) = P, every wall is a singleton set
and every tier has size at most k. Since there are no tiers of size greater than k, it is vacuously
true that every tier of size greater than k is P-useless (this concept of P-useless is defined
n [AT16]), and thus by Proposition 4 in [ATI6], we obtain that SA’¥(P) C BZF(P). Since
SA%¥(P) C SA’F(P) in general, our claim follows. O

In Figure [2] we provide a comparison of relative strengths of all aforementioned lift-and-
project operators, in addition to BCC, a simple operator defined by Balas, Ceria, and Cornuéjols
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in [BCCO3]; and LS, a geometric operator studied in [GT0I] in their analysis of the Lovész—
Schrijver operators. Each arrow in the figure denotes “is dominated by”, meaning that when
applied to the same relaxation P, the operator at the head of an arrow would return a relaxation
that is at least as tight as that obtained by applying the operator at the tail of the arrow. While
the focus in this paper will be on the performance of SA,Las and BZ/,, some of our results
also have implications on these other operators. The reader may refer to [AT16] for some more
intricate properties of these operators.

/—\* Las

LS SA SA’ .. BZ BZ’ PSD
* + + + + Operators
T UO TR ﬁ ..................... T ................................. ....................... Polyhedral

BCC LS SA Operators

<~ Tractable w/ weak separation oracle for P —:

Tractable w/ facet description of P ¥

FIGURE 2. A strength chart of some lift-and-project operators.

There are also many other operators whose relative performance can be studied in this wider
context of operators. For example, recently Bodur, Dash and Giinlik [BDGI16] proposed a
polyhedral lift-and-project operator called N and showed that

LS — N — SA?

where LS is a polyhedral operator devised in [LS91] that dominates LS.
Considering Figure[2] note that every lower bound that we prove on rank as well as integrality
gaps for Las and BZ/, imply the same results for all other operators in Figure |2, Similarly, every

upper bound on rank and integrality gaps for LS applies to all other operators in Figure
except BCC.

3. SOME BAD INSTANCES FOR SA,Las AND BZ/,

In this section, we consider several polytopes that have been shown to be bad instances for
many known lift-and-project operators (and cutting plane schemes in general).

3.1. The chipped hypercube P, ,. Recall the chipped hypercube

n
Prp = {a: € [0,1]": Zmz < n—p}.
i=1

Cook and Dash [CDO1] showed that the LS -rank of P, )/, is n, while Laurent [Lau03] proved
that the SA-rank of P, ;5 is also n. Cheung [Che07] extended these results and showed that
both the LS - and SA-rank of P, , are n for all p € (0,1). Here, we use similar techniques to
establish the SA_-rank for P, ,. Note that, from here on, we will sometimes use v[i] to denote
the i-entry of a vector v (instead of v;).

Proposition 3. For every n > 2, the SA -rank of P, , isn for all p € (0,1).
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Proof. We prove our claim by showing that 7 := (1 - ﬁ) S SA’}F_1 (Pnp) \ (Pn);, where
e denotes the all-ones vector. First,

n
Zi¢:n<1—p>:n—w>n—1,
P np+1—p np+1—p

and so 7 & (P, ,);. We next show that this vector is in SA" ! (P, ,). Define Y € RAn-1XAn-1
such that

L— np{)ﬁ‘,p if a N =Sy for some S C [n];
Yia, 8] := np+p1—p if an B =51 Njlp for some S C [n] and j € [n] \ S;

otherwise.

We claim that Y € SEZ_I (Pp,p). First, (SA4 1) holds as Y[F,F] =1 (since FNF = 0[y). It is
not hard to see that Y > 0, as every entry in Y is either 0, ﬁ or1— o fip for some integer
k € {0,...,n}. Next, we check that #(Yeg) = (Y[F,B],Y[1|1,8],...,Y[nl1,8])" € K (P,,) for
all B € A,—1. Given 8 = S|1NT|o, Z(Yeg) is the zero vector whenever |T'| > 2, and is the vector

—f—(é — e;) whenever T' = {i} for some i € [n].
p+1l—p
Finally, suppose 8 = S|; for some S C [n] where |S| = k. Then
1— ke ifi=0o0ries;
2(Yeg)[i] = (AR
1— o, ifie [n] \ S.
Now

3

(k+Dp>

_np—i-l— np+1—p

(i) (i)
= n{ll-——— | —p| ————
np+1-p np+1—p

kp
< (n-— 1-—"
< m( np+1_p>
= (n—p)2(Yes)[0].
Thus, Z(Yeg) € K(P) in this case as well. Next, it is not hard to see that the entries of ¥’

satisfy (SA+ 3), (SA14) and (SA+ 5). Finally, to see that Y > 0, let Y’ be the symmetric minor
of Y indexed by rows and columns from A, _; := {S|o: S C [n],|S]| <n—1}. Then Y’ > 0 as

it is diagonally dominant. Next, define L € RA1%4n1 where
(-l i SUT =U;

0 otherwise.

i(Ve)li] = k <1 "”p) +(n—k) (1 _

=1

L[S|iNT|o,Ulo] := {

Then it can be checked that Y = LY'LT. Hence, we conclude that Y >= 0 as well. This completes
our proof. 0

We next show that (0,1) is the only range of p’s for which the SA -rank of P, , is n. To
do that, it is helpful to introduce the notion of moment matrices. Given an integer k > 0
and vector y € RA where ¢ > min {n, 2k}, we define the matrix My(y) € RALXAL where
M (y)[er, B] := y[an ] for all o, B € A

We also need the notion of ¢-establishment, which was introduced in [AT16] and utilizes the
presence of a certain set of variables in the lifted space, as well as a positive semidefiniteness
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constraint, to provide a guarantee on the overall performance of the operator. Suppose Y € sA
for some A’ C A. We say that Y is (-established if all of the following conditions hold:

(01) YIF,F =1,

(£2) Y = 0.

(£3) .AZ cA.

(¢4) For all o, 8,0/, € AJ such that aNB =o' NG, Y[a,B] =Y, 5.
(¢5) For all o, B € AJ, [f Bl > Yla, Al

Py
It follows immediately from the definition of SA that all matrices in SA (P) are k-established,
for all P C [0,1]™. Then we have the following:

Proposition 4. For every n > 2 and non-integer p € (0,n), the SA-rank of P, , is at most
n—[p]+1.

Proof. Let P := P, ,. First, let £ := n—[p]. Observe that every matrix Y S/ZTI(P) is (£+1)-
established (and thus f-established), and the condition (SA 5) guarantees that the symmetric
minor of Y with rows and columns indexed by sets in A} is a moment matrix M,(y) for some
vector y.

Now notice that for every set S C [n| where |S| = £ 4 1, the incidence vector of S is not in
P (as {41 > n — p). Hence, the condition & (Yeg|,) € K(P) imposed by (SA 2) implies that
Y[F,S|1] = 0. Thus, we obtain that Y[S|;,S|1] = 0 for all S C [n] of size £ + 1, and so the
diagonal entries of the symmetric minor Y’ of Y indexed by sets in AZH \ A are all zero. For
Y to be positive semidefinite, Y’ must have all zero entries. Thus, we obtain that y[S|;] = 0 for
all sets S where |S| > ¢ + 1.

Next, if we define Z; := 3 g1 151 ¥[S 1] for every i > 0, we obtain that Z; = 0 for all i > £.
Then it follows from Corollary 12 in [AT16] that Z; < ¢. Since

= Zy[ih] = ZY[ilhf]

we conclude that 37 | x; < £ is valid for SAL™ (P), and our claim follows. O

Thus, we know that the SA -rank of P, , is exactly n when p € (0,1), and the rank is 1 if
p € (n—1,n). When p € (n —2,n — 1), it follows from Proposition [4] that the SA-rank is at
most 2. Since it is not hard to show that SA1 (Pnp) # Pnn—1, we know in this case that the
SA-rank is exactly 2.

Next, we show that for a weaker operator, the rank of P, , is always n if it is not integral and
strictly contains the unit simplex. Given integer k € [n] and P C [0, 1]", consider the following
operator originally defined in [GTO01]:

L~Sk(P) = ﬂ conv{r € P:z; €{0,1}, Vi € S}.
Sg[n]v‘s‘:k

That is, x is in ﬁSk(P) if and only if for every set of indices S of size k, x can be expressed
as a convex combination of points in P whose entries in S are all integral. While LS produces
tighter relaxations than BCC, it in turn is dominated by SA and several operators devised by
Lovész and Schrijver in [LS91] (see, for instance, [GT01] for a discussion on this matter). Then
we have the following:

Proposition 5. For every integer n > 2 and for every non-integer p € (0,n — 1), the LS-rank
of Py isn.
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Proof. Let P := P, , and { := n — [p] (so P = P, ). We prove our claim by showing that
max {éTx tx € LNSn_l(P)} > /.

First, let S = [n — 1], and define € := min { [p] — p, %} Also, given T' C S, let xp denote

the incidence vector of T" in {0, 1}"_1. Now consider the point

S WPy () (.2 Gy ()

TCS,|T|=¢ TCS,|T|=¢—1 \{—1

First, observe that Z is a linear combination of the points whose entries in S are integral. Also,
X€T> € P for all T of size ¢ (by the choice of €), and <X1T> € P for all T of size ¢ — 1 as well.

Furthermore, since €(n — 1) < ¢, the weights on these points are nonnegative, and do sum up
to 1. Thus, 7 is indeed a convex combination of these points. By the symmetry of P and the
definition of LS, we can express T as a similar convex combination of points in P for all other
sets S of size n — 1. Thus, this shows that z € ﬁSn_l(P).

On the other hand, it is easy to check that 7 = f;((lli?)iié, and thus €'z > ¢ and = ¢ Pj.

Hence, we deduce that P has LS-rank n. O

Thus, we see that when p is close to n — 1, the positive semidefiniteness constraint imposed
by SA . is in fact helpful in generating the desired facet of the integer hull that can be elusive to
a weaker polyhedral operator until the n*? iteration. In contrast, when p € (0,1), the SA - and
LS-rank of P, , are both n. In fact, we will show in Section || that when p € (0,1), SA% (P, ,)

and L~Sk (Pn,p) have exactly the same integrality gap (with respect to the direction of the all-ones
vector) for every k > 1.

We next give a lower bound on the SA-rank of P, , for some cases where p > 1, which will
be useful when we later establish a BZ/, -rank lower bound for some of these polytopes. We first
need the following result. Suppose P C [0, 1]". Given x € P, let

S(x):={ien:0<xz <1}.

Also, given z € [0,1]™ and two disjoint sets of indices I, J C [n], we define the vector z}, € [0, 1]"
where

1 ifv e I;

2hfi) =<5 0 ifieJ;

x[i] otherwise.
In other words, CL‘§ is the vector obtained from z by setting all entries indexed by elements in
to 1, and all entries indexed by elements in J to 0. Then we have the following useful property
that is inherited by a wide class of lift-and-project operators.

Lemma 6 (Theorem 15 in [AT16]). Let P C [0,1]" and xz € P. If 25 € P for all I,J C S(z)
such that |I| + |J| < k, then x € SA% (P).

Using Lemma @ we have the following for the SA {-rank of P, ,:

Proposition 7. For every n > 2, if p € (0,n) is not an integer and k < n([[p;fp), then the
SA-rank of P, , is at least k + 1.

Proof. First, observe that

n([p] —p) o (=Pl _—
k< 7l — ( k)( >+k< p-




ELEMENTARY POLYTOPES WITH HIGH LIFT-AND-PROJECT RANKS 17

Thus, there exists £ € R such that (n—k){+k <n—pand ¢ > n=lel - Consider the point z := le.

n
Since ¢ > ”_nﬁ, T & (Pn,p);- However, for every pair of disjoint sets of indices I, J C [n] where
|I| +|J| < k, we have

Ziﬂ[z] <(n—k)}l+k<n-—p,
=1

by the choice of £. Thus, i§ € P, , for all such choices of I,J. (Note that the first inequality
above follows from the fact that Y&, #1[i] is maximized by choosing I,.J where |I| = k and
J = 0.) Thus, it follows from Lemma (6 that z € SA% (P, ,). This proves that SAX (P, ,) #
(Pn.p);> and hence the SA -rank of P, , is at least k + 1. O

Using Proposition |7} we obtain a lower-bound result on the BZ/, -rank of P, ,, establishing
what we believe to be the first example in which BZ/, (and, as a result, BZ,) requires more
than a constant number of iterations to return the integer hull of a set.

Theorem 8. Suppose an integern > 5 is not a perfect square. Then there exists p € (|v/n], [v/n])
such that the BZ!_-rank of P, , is at least L@J

Proof. Let P := P, ,. First, choose € € (0,1) small enough such that

B n(l—e)
vn 1<7Nm ,

and let p := |\/n] +e€. Next, let k := {@J Notice that foralln > 5, k+1 < p <n—(k+1),

and so BZ'ff does not generate any k-small obstructions for P. Thus, we obtain that SA%rk (P) C
BZ'F(P) by Proposition 2l Also, from Proposition [7, since 2k < v/n — 1, SA%*(P) # P;. Thus,
the BZ/ -rank of P is at least k+1 = L@J : O

We note that the BZ -rank of P, , is 1 for every p € (0,1). This is because the set [n] is
a k-small obstruction for every k > 1, and so > ; z; < n — 1 is valid for O (P,,), and the
refinement step in BZ already suffices in generating the integer hull of P, ,. More generally,
when k+1 > p, every subset of set of [n] of size n—k does qualify as a k-small obstruction, and it
can be shown that BZX (P, ) = (Pn,p);- On the other hand, since BZ, (and the refined version
BZ!,) dominates SA, Proposition {4 implies that the BZ-rank of P, , is at most n — [p] + 1.
This implies that, in contrast with other operators (including SA; and, as we will see, Las), the
BZ, -rank of P, , is low both when p is close to 0 or n.

We next turn to the Las-rank of P, ,. Interestingly, Cheung showed the following in [Che(7]:

Theorem 9. (i) For every even integer n > 4, the Las-rank of P, , is at most n — 1 for all
1
p=

n’
(ii) For every integer n > 2, there exists p € (O, %) such that the Las-rank of P, , is n.

Thus, while the rank of P, , is invariant under the choice of p € (0,1) with respect to all
other lift-and-project operators we have considered so far, it is not the case for Las. Next, we
strengthen part (ii) of Cheung’s result above, and give a range of p where P, , has Las-rank n
for every n > 2.

Theorem 10. Suppose n > 2, and

0 < n?—1
<p_2n”+1—n2—1'

Then P, , has Las-rank n.
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Before we prove Theorem [10] we need some notation and lemmas. Define the matrix Z €
RA% A where
1 if SCT;
2181, Th] = { 0 otherwise.
Z is the zeta matriz of [n]. Note that Z is invertible, and it is well known that its inverse is the
Mébius matriz M € RATAL where
_ (=n)I™\SLif s C T
MISh,Th] = { 0 otherwise.

Throughout this paper, we will assume that the rows and columns in Z and M are ordered such
that the last row/column corresponds to the set [n]|;. Note that, with such an ordering, the last
column of Z is the all-ones vector. The following relation between zeta matrices and moment
matrices is due to Laurent (see proof of Lemma 2 in [Lau03]):

Lemma 11. Suppose y € RA® . Define u € RAY where

ulS|] = 3 (<11

To8
Then M, (y) = Z Diag(u)Z".

Note that we used Diag(u) to denote the diagonal matrix U where U[S|1, S|1] := u[S]1] for all
S C [n]. Next, the following lemma will be useful for proving Theorem as well as analyzing
the cropped hypercube @y, , later on. Note that it uses very similar ideas to that in [KLMI5],
where they characterized general conditions for when M,,_1(w) is positive semidefinite, although
the proof here is simpler as we are specifically focused on the applications to the sets P, , and

Qn,p-
Lemma 12. Let § € (0,1) be a fized number. Define y € RAY such that y[S|1] := 6151 for all
S C [n]. Then

(i) Mi(y) =0 for alli € [n].

(ii) Given any p >0,

n

(n = P)Mau()[S1 Th] =Y Ma()(SU LD (T U {71 = Ma(w)[S]1, T]1]

j=1
where w|S|1] == ((n — |S))(1 = 0) — p) 015! for all S C [n]. Moreover,
My (w) = Z Diag(u)Z ",
where u[S|1] := (n — |S| — p)0SI(1 — 6)"~ 15| for all S C [n].
(111) If p € (0,1) and
(n+1)6(1—-0)"

(12) Py =18+ (1=0)

then M1 (w) > 0.

Proof. To prove part (i), it suffices to show that M,,(y) = 0, as M;(y) is a symmetric minor of
M, (y) for all i < n. By Lemma |11} Since M,,(y) = Z Diag(v)Z ", where

n—|S|

o[Shl =Y (=)Mly[Th] = Y- <n E |S|) (—1yiglSI+ — glSI(1 — gyn-Is|

DS i=0
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which is positive for all S C [n]. Thus, it follows that M,,(y) = 0. For part (ii), we see that

ZM

— p)gIsuTI _ (ys U T|9|5UT| + (n
)H\SUT\

(n = p)Mun(y)[S]1, T11] IS ULH L (T Ui
= ('n
(n=SUT)(L=0)—p
M (w)[S1, T11].
Also, it is not hard to check that > (-
part of the claim follows from Lemma [T1]

Finally, for (iii), let Z and M, respectively, denote the symmetric minor of Z and M with
the row and column corresponding to [n]|; removed. We also let u’ € A”7~! denote the vector
obtained from u by removing the entry corresponding to [n]|;. Then by Lemma

(8 2)( )

_ <Z Diag(u/)Z " — 6™pee' —0”pé>
= oy )

—mpe !
Since M,,_1(w) is the symmetric minor of M, (w) with the last row and column removed, we ob-
tain that M,,_(w) = Z Diag(u/)ZT —#™pee". Notice that u[S|;] = (n—|S|—p)0!¥l(1—6)" 15 >
0 for all S C [n], and that M is nonsingular (M is the inverse of Z). Hence, [Diag(u’)]_1/2 M
is nonsingular and [Diab,g_{(u')]_l/2 M-MT [Diag(u/)]_l/2 is an automorphism of the underlying
cone of positive semidefinite matrices. Therefore, M,,_1(w) > 0 if and only if

[Diag(u')]
is positive definite. Now observe that Y = I — pf™¢€ T, where & := [Diag(u’)]_l/2 Meé. Hence,

- ‘S U TDQ\SUTHI)

DIT\Slp[S]1] = u[S|1] for all S C [n], and so the last

My (w) = Z Diag(u)Z "

Y .— -1/2 MMn_l(w)MT [Dlag(u/)} -1/2

(13) Mp_1(w) =0 <= pfe'e < 1.
Next, using the fact that (Meé)[S]1] = (=1)*"15I=1 for all S C [n], we analyze p#"¢ '€ which is
equal to:
1 1
po" = po"
SCZM ulSh S% (n = 181 = )0 (1 — )T
n—1 %
B pO" 1 n 1-0
- (50 )
n—1 7
po" 2 (n + 1> <1 -0
< , v
-0y @ CEREA

2p0™

(1=p)(n+1)(1-0)"

P

(Ot

1—p
(n+1)0(1—6)"

Thus, if p <

2—[(n—1)+2](1—8)"°

(2 [1—(nf+1)(1

- 0)”]>
(n+10(1—0m )

then M,,_1(w) is positive definite.
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We are now ready to prove Theorem [I0]

Proof of Theorem [10. It is obvious that (P, ,); = Py, for all p € (0,1). Now suppose we are
given integer n > 2 and 0 < p < #
0 > 21 where ¢ € Las™ ™! (P,,,).

Define y € R4 where y[S|1] := 6/5! for all S C [n], then Lemmaimplies Y = M,(y) = 0.
It also implies that Y! = M,,_1(w) where w|S|1] = ((n — |S|)(1 — ) — p)§*. To prove our
claim, it suffices to show that there exists > “=1 such that M,_1(w) = 0. Since our upper
bound on p is continuous in # in a neighbourhood of § = an’ and the cone of positive definite
matrices is the interior of the cone of positive semidefinite matrices, by , it suffices to show
that M,,_1(w) > 0 when 6 = "Tfl Then by letting 0 = an in and simplifying, we obtain

that p < # guarantees M,,_1(w) = 0, and the claim follows. O

—n2-1

We prove our claim by showing that there exists

—n—1
Let p(n) denote the largest p > 0 where M,,_1(y) € Las (Pyp) for some § > "L (where
y is defined in the proof of Theorem [L0). Figure 3] shows the value of log,, (p(n)) for some small
values of n, as well as the lower bound on p(n) given by Theorem

log,, (p(n))
2 4 6 8 10 12 n
0
—2
—4
—6
-8
1 tog;, (p(n))
Lower bound
—12 by Thm. [I0]

FIGURE 3. Computational results and lower bounds for p(n).

3.2. The cropped hypercube (@), ,. Next, we turn our attention to the cropped hypercube

Qnyp:=qxel0,1]": Z(l — ;) + Zl‘z > p, VS C [n]
ieS igS

Observe that, for every S C [n], its incidence vector violates the inequality corresponding to S in
the description of @, ,. Thus, we see that (Qy,); = (). Independently, Cook and Dash [CD0I]
and Goemans and the second author [GT01] showed that @), 1/» has LS -rank n. Subsequently,
the authors showed in [AT16] that the SA -rank of @, /2 is also n. In fact, the results therein
readily imply that SA* (Q,,) = Qn,p—r/2 for all p € (0,1/2] and k € [n]. Thus, it follows that
Qn,p has SA-rank n for all p € (0,1/2].

More generally, Pokutta and Schulz [PS10] showed that @, 1/ has rank 2(n/log(n)) with
respect to any admissible cutting-plane procedure, which is a very broad framework that encom-
passes many well-known methods of generating cutting planes, such as Gomory-Chvatal cuts,
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split cuts, as well as all lift-and-project operators mentioned herein except for the Bienstock—
Zuckerberg variants. Subsequently, instead of applying an admissible cutting-plane procedure
I" to a set P and obtain a tightened relaxation I'(P), Dey and Pokutta [DP14] studied the ver-
ification closure of this procedure — a mechanism that yields a yet stronger (but generally in-
tractable) relaxation 6I'(P). Their results imply that Q,, ; o has rank Q(n) with respect to 6 LS
(the stronger, verification version of LS, ). More recently, Bodur, Dash, and G unl’uk [BDG17]
studied extended LP formulations of a given set, and showed that there exists a set Q CR21
where the projection of Q onto the first n variables is Qn,1/2, and that LSO(Q) = (). That is,
while LSq requires n iterations to return the (empty) integer hull when directly applied to @, ; /2
applying it to a suitably constructed extended formulation with (n — 1) extra variables allows
LS to reach the integer hull in just one iteration.

We now turn to the Las-rank of the cropped hypercubes. First, @, 1,2 has been shown to
have Las-rank 1 for n = 2 [Lau03], and 2 for n = 4 [Che(07]. While Las depends on the algebraic
description of the initial relaxation, the following observation significantly simplifies the analysis
of the Las-rank of @y, ,.

Proposition 13. Suppose n,k are fized positive integers and p € (0,1). Define the vector
w € RAY where

w[S|] == (n—|S| —2p)27 15171, vS C [n).
Then Las® (Qn,,) # 0 if and only if My(w) = 0.

—k
Proof. Suppose Las” (Qn,p) # 0, and let Y € Las (Qn,). Notice that every automorphism for
the unit hypercube is also an automorphism for @, ,. If we take these 2"n! automorphisms
and apply them onto Y as outlined in the proof of Proposition [1| we obtain 2"n! matrices in

—k _
Las (Qn,). Let Y be the average of these matrices. Then by the symmetry of @, ,, we know
that Y = My, (y), where y[S|] = 27151, VS C [n].

By the convexity of Las' (Qnyp), Y € Las' (@n,p), and thus satisfies (Las2) for all of the 2"
equalities defining @, ,. In fact, due to the entries of Y, the matrix Y7 is the same for all 2"
inequalities describing @, . Thus, using the inequality > ; x; < n—p and applying Lemma
with 6 = %, we obtain that

YI[S|1,Th] = (n—|SUT| —2p)275YTI=1 = My (w)[S]1, T)]

for all S, T C [n],|S],|T| < k. Hence, we deduce that Las” (Qy,,) # 0 = My(w) = 0.
The converse can be proven by tracing the above argument backwards. First, it follows from
Lemma |12| that Y > 0. Then, again, the matrix Y7 is exactly My (w) for all 2" inequalities
— —k
describing @ ,. Since My(w) = 0 by assumption, ¥ € Las (Q,,). Thus, we obtain that
jee Las® (Qn,), and so Las® (Q.,) # 0. O

Thus, computing the Las-rank of @), , reduces to finding the largest k where the matrix
M. (w) defined in the statement of Proposition is positive semidefinite (which would then
imply that the Las-rank of @, , is k + 1). Using that, we are able to show the following:

Theorem 14. For every n > 2, let q(n) be the largest p where @y , has Las-rank n. Then

n+1 n
iz —g =4 S oy
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Proof. We first prove the lower bound. If we let § = % in , we obtain that p < %
implies M,,_1(w) > 0 where w[S|1] = (n — |S] — 2p)27!%I=1, VS C [n]. Thus, the claim follows
from Proposition

As for the upper bound, we show that if p > 557—, then @y, has Las-rank at most n — 1.

Define z € R4" where z[S]1] := (=2)!5! for all S C [n]. Also, let 2/ denote the vector in RAR-1
obtained from x by removing the entry corresponding to [n]|;. By Proposition if we let
w[S|1] = (n — |S]| — 2p)27151=1 for all S C [n] and show that 2/T M,,_1(w)z’ < 0 whenever
p > gatr—y, then My, _1(w) 7 0, and our claim follows.

Recall that M,,(w) = Z Diag(u)Z" where u[S|1] = (n — |S| — p)27" for all S C [n]. Also,
note that (Z7z)[S|1] = (=1)I°! for all S C [n]. Thus,

" Mp(w)r = z'ZDiag(u)Z
= 3 (T wish) ulsi

SCin]

_ oy (n (=) (n—i—p)2™
> (5) (0 in=ie

= (n2"—n2" ' —p2m)27"

On the other hand,

g Mp(w)z = (2T (-2)") </f12n21/§;) _—22_n”p€> <(—x2/)n>

/
— (JU/TMn_1(w) + (_1)n+1péT —27"paf:/Té+ (_1)n+1p) ((_1:2)n>
= & My () + ()" pe 7 + (-1 pa T + (—1)" T (=2)"p
= 2'TMu_1(w)z’ + (2" —2) p.

(It is helpful to observe that &'a’ = (—1)" — (—=2)".) Hence, we combine the above and obtain
that
n

" M,y (w)2’ = 5 (2" —1)p,
which is negative whenever p > 577t—. This finishes the proof. O

Therefore, akin to what Cheung showed for P, ,, there does not exist a fixed p where @y ,
has Las-rank n for all n. Also, as with P, ,, the Las-rank of @), , varies under the choice of p.
For instance, Figure [4] illustrates the Las-rank for @, ¢/1000 for £ € [500] and several values of n.
The pattern is similar for all other values of n we were able to test — the Las-rank is around 5
when p = %, and slowly rises to n as p approaches 0. Recently, related to the Figure |4 Kurpisz,
Leppénen and Mastrolilli [KLM16] proved that the Lasserre rank of @Q,, 1/ is between Q(y/n)
and n — Q(n'/3).

Also, recall that we let ¢(n) be the largest p where @, , has Las-rank n. It follows from

Theorem that 2;1(2 1) is roughly bounded between % and 1. Note that since Las imposes
as many positive semidefiniteness constraints as there are defining inequalities for the given
relaxation (which there are exponentially many for @, ,), the relaxation Las® (@n,p) is not

obviously tractable, even when k is a constant. Now, computing ¢(n) requires verifying whether
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Las-rank of Q,, ¢/1000
12 1

10 A

17

4

\ L n==~06
2 A n=23
0 l

100 200 300 400 500
FIGURE 4. The Las-rank of @, , for varying values of p := £/1000, for n € {3,6,9,12}.

Las" ! (@Qn,p) is empty, which by definition of Las is the projection of f%n_l (@n,p), a set
of matrices of order ©(2") x (2") with (2") positive semidefiniteness constraints. Instead of
solving the feasibility problem of such a large number of variables and constraints, Proposition
uses the symmetries of @, , (as well as the fact that Las preserves symmetries and commutes
with all automorphisms of the unit hypercube, as shown in Proposition 1)) to reduce this task
to checking the positive semidefiniteness of M, _1(w), a (2" — 1) x (2" — 1) matrix with known
entries. Furthermore, notice that if M,,_;(w) had an eigenvector x with negative eigenvalue,
we could assume that z[S|1] = x[T'|1] whenever |S| = |T|, due to the symmetries of the entries
in M,,—1(w). Hence, if we define the n-by-n matrix W whose rows and columns are indexed by
{0,1,...,n — 1} such that

Wi, j] = > M1 (w)[S]1, Th]

S,TCn],|S|=4,|T|=j

o (ER) (0 (E).

then it follows that M,_;(w) = 0 if and only if W > 0. This reduction allows us to verify if

Qn,p has Las-rank n by simply checking if the n-by-n matrix W is positive semidefinite. Using
2n+1
nq(n)

the reduction above, we computed
illustrated in Figure

As for the BZ/ -rank of Qp,,, it was shown in [BZ04] that Qn,1/2 has BZ-rank 2, where BZ
is a polyhedral operator dominated by BZ, and BZ/_ . Thus, it follows that the BZ/ -rank of
Qn,1/2 is at most 2. However, we remark that, as with the Lasserre operator, the Bienstock—
Zuckerberg operators also require an explicitly given system of inequalities for the input set.
In particular, the run-time of these operators depends on the size of the system (which, again,
is exponential in n in the case of @, ). Thus, BZF (@n,p) is not obviously tractable, even for

to within two decimal places for n € {2,3,...,16}, as
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2n+1
ng(n)
1.4
1.2 Upper bound
by Thm.
1 o . e 2n+1
ng(n)
0.8 !
0.6 Lower bound
by Thm.
0.4
0.2
} } } } } } } } n
0 2 4 6 8 10 12 14 16

FIGURE 5. Computational results and possible ranges for ¢(n) := min {p : Las" ™! (Qn.,) # 0}.

k = O(1). On the other hand, operators such as SA;,SA and BCC are able to produce tightened
relaxations that are tractable as long as we have an efficient separation oracle of the input set
(which does exist for the cropped hypercube — note that x € @y, , if and only if « € [0,1]" and

Z?:l |z — %| < % —p)-

4. INTEGRALITY GAPS OF LIFT-AND-PROJECT RELAXATIONS

We conclude this paper by noting some interesting tendencies of the integrality gaps of some
lift-and-project relaxations. First, given a compact, convex set P C [0, 1]™ where P; # () and
vector ¢ € R", the integrality gap of P with respect to ¢ is defined to be

max {cTac 1T € P}

P) = .
7e(P) max {c'x:x € P}

The integrality gap gives a measure of how “tight” the relaxation P is in the objective function
direction of c¢. Here, we show that the integrality gap of P, , with respect to the all-ones is
invariant under k iterations of several different operators.

Theorem 15. For every integer n > 2, for every p € (0,1) and for every operator I' €
{ES,LS+,SA,SA+}, we have

(n— k)1 —p)
(n—1)(n—k+kp)’

e (I (Pup) =1+
for every k € {0,1,2,...,n}.

Proof. We prove our claim by showing that
ok n—k+((k—1)p
: >
(14) max{e 0 € LS (Pn,p)} >

Then the result follows from the dominance relationships between the operators. First, the claim
is obvious when k& = 0 or when k£ = n, and thus from here on we assume that k € [n — 1]. Let
P := P, ,. We first prove the first inequality in .

> max {9 : 9e € SAK (Pmp)} .
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. ~k . .
Given 0é € LS (P), we know that there exist coefficients ar and vectors vy € [0,1]"7* for

each T' C [k] where
= XT
fe = E ar (UT) .

TClK]

(Here, x7 is the incidence vector of T in {0,1}*.) Note that the operator LS requires that the

vr
whenever |T| < k. For T' = [k], the constraint &' < n — p implies that €' vr <n —k — p.

Due to the symmetry of P, given one convex combination of fe, we could obtain many
other convex combinations by applying any permutation on [n] that fixes [k]. If we take the
average of all these combinations, we would obtain a “symmetric” one where ar = ap and
vr = v whenever |T| = |T|, and that vy’s are all multiples of the all-ones vector. Take such
a combination of fe, and define

= ar, v; = i v
@i - Z (k) Z

ar’s be nonnegative and sum up to 1. Also, note that XT> is in P for all vy € [0,1]"*

for every i = 0,1, ..., k. Then observe that

T[], T)=i i) TClyIT|=i
k
(15) fe = Zai <

.é> :
i=0 ¢

Moreover, note that the a;’s are nonnegative and sumto 1,0 < v; < 1foralli < k, and 0 < v <
”_f;p . Thus, is equivalent to saying that the point (0,0) € R? is a convex combination of

n

the points in the sets {(%,vz) :1€{0,1,...,k—1},0<v; < 1} and {(1,%) 0<y < ”75?’}.

n

SEENTIS
Q]

It is easy to see that the convex hull of these points in R? form the polytope illustrated in
Figure [6]

T2
(5751 cm=m
1 o
N .n—k—ﬂ—(k—l)p n—k+(k—1)p
i n—k+kp n—k+kp
k—
(12552)
x1
0 1

FIGURE 6. Reduction of finding max {9 .0z € LS" (Pn,p)} to two dimensions.

Then it is easy to see that the largest 6 where (6, 6) is contained in the convex hull is obtained
by the convex combination

b n—k+(k—1)p
n—k (n_i_p> Lk <k1> _ (nmmJ .
n—k+kp \—=" n—k+kp\ 1 T o
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This establishes the upper bound on 6.

Next, we turn to show the second inequality in by proving that %ﬁ;)pé € SAlj_ (P)
ISlp

for every k. First, define y € A} where y[S]1] := 1 — —2 7, for every S C [n]. We first show

that M,,(y) = 0. By Lemma we know that M, (y) = ZDiag(u)Z " where u is the vector
with entries

'K m—ISN, (o, SI+4)e
sl = o™ isi= 30 (e (-2
28 j=0
0 if S| <n—2;
= P if |S|=n—-1;
1-— #ﬁ—kp if S =[n].

Note that 1 — #ﬁ)rkp >0 < (n—k)(p—1) <0, which does hold as n > k and p < 1. Hence,
since u > 0, we deduce that M, (y) = 0, and in particular My(y) > 0.

Next, define L € RAXAL wwhere

[ (=)t suT =U;
L[S0 Tlo, Un] = { 0 otherwise,
K
and let Y := LMy, (y)LT. We claim that Y € SA (P). First, My(y) = 0 implies that Y > 0.
Also, (SA+1) holds as Y[F,F] = 1, and it is not hard to see that Y > 0, as every entry
in Y is either 0, #;,w or 1— n_;c’jrkp for some integer ¢ € {0,...,n}. Next, we check that
#(Yeg) € K(P) for all B € Ai. Given 8 = S|1 N To,&(Yeg) is the zero vector whenever
|T'| > 2, and is the vector ﬁ(é — e;) whenever T' = {i} for some i € [n]. In both cases,
Yo Yilh, B] < (n— p)Y[F, ] easily holds.
Finally, suppose 8 = S|; for some S C [n| where |S| < k. Observe that

% if = F or a = i|; where i € S;
Vi, Shl =9 w i fs-1)p .
R T R otherwise.
Now
o n—k+(k—1S))p n—k+(k—1|S]—1)p
Y = _
Soviinshl = 181 (" g, ) + 10 (R,
n—k+ (k= IS)p
< —
< (n p)( T
= (n=p)Y[F,Sh].
Thus, £(Yeg) € K(P) in this case as well. Finally, it is not hard to see that the entries of ¥’
satisfy (SAy 3), (SA+4) and (SA4 5). This completes our proof. O

Figure |7] illustrates the integrality gaps of SA’i (Pp,p) for various values of k£ and p in the
case n = 10 (the behaviour is similar for other values of n). In general, when p is close to 1,
the gap decreases at an almost-linear rate towards 1. On the other hand, when p is small, the
integrality gap of SA’j (Py,p) stays relatively close to 1 + ﬁ as k increases to n — 1, and then
abruptly drops to 1 at the n'! iteration, where we obtain the integer hull. Again, it follows from
Theorem that these gaps would be identical if we replaced SA, by any operator I' where
SA, dominates I and I dominates LS.
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FIGURE 7. Integrality gaps of SA% (Pyg,) for various k and p.

We also note that Theorem implies Proposition Moreover, the techniques used for
proving the first inequality in can be extended to compute max {9 1 e € LNSk (Pn,p)} for
any non-integer p € (0,n), which would imply Proposition

While the integrality gap for @, , is undefined (as its integer hull is empty for all p > 0), we
see a similar distinction between its SA | and Las relaxations. Note that since all lift-and-project
operators we have studied preserve containment, starting with a tighter initial relaxation might
offer a lift-and-project operator a head start and yield stronger relaxations in fewer iterations.
However, in the case of @, ,, different lift-and-project operators utilize this head start in different
ways. As mentioned earlier, we know that SA¥ (Q, ) = Qn,p—k/2 for all p € (0,1/2] and for all
k = [n]. Thus, given p, p’ where 0 < p < p' < 3,

SAE (Qnp) = Qu(prk/2) D Qupriny2) = SAE (Quy)

for all k € [n — 1]. However, they still converge to the integer hull in the same number of steps.
On the other hand, as shown in Theorem [13| and Figure [4] starting with a larger p can help Las
arrive at the integer hull in fewer iterations, similar to what we saw with P, ,.

Thus, at least in the case of P, , and @, , where p € (0,1), all aforementioned operators that
are no stronger than SA; perform pretty much equally poorly, while deploying Las does achieve
some tangible improvements in rank (at least when p is not extremely small). Granted, since
the number of inequalities imposed by most lift-and-project methods are superpolynomial in n
after Q(log(n)) rounds, an operator managing to return the integer hull in, say, Q(y/n) iterations
is already exerting exponential effort. In that case, claiming that this operator performs better
than another that requires (say) €2(n) rounds is somewhat a moot point in practice, at the time
of this writing.

Of course, there do exist examples where a stronger lift-and-project operator manages to
return a tractable relaxation and outperforms exponential effort by a weaker operator: We
showed in Propositions |4 and [5| that when p = n — O(1), SA; would return the integer hull in
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O(1) iterations, while LS requires ©(n) rounds. Another such instance is the following: Given
a graph G = (V| E), consider its fractional stable set polytope, which is defined as

FRAC(G) = {z € [0,1)V : 2; +2; <1, V{i,j} € E}.

When G is the complete graph on n vertices, it is well known that for hierarchies of polyhedral
lift-and-project relaxations (including SA), the integrality gap (with respect to €) starts at %,
then gradually decreases, and reaches 1 after )(n) iterations. On the other hand, it takes
semidefinite operators such as LS, ,SA, and Las exactly one iteration to reach the stable set
polytope of K,,, and thus the corresponding integrality gaps for these operators would dive from
5 to 1 in just one iteration.

This raises the natural question of whether, in general, there is some efficient way where we
could diagnose a given problem and determine the “best” lift-and-project method for the job.
One step in that direction is through studying how various methods perform on different problem
classes. Such studies would hopefully provide us better guidance on when it is worthwhile to
apply an operator that is more powerful but has a higher per-iteration computational cost.

To take this point further, perhaps one could build a shape-shifting operator that adapts to
the given problem in some way. Bienstock and Zuckerberg [BZ04] devised the first operators that
generate different variables for different relaxations (or even different algebraic descriptions of
the same relaxation). They showed that this flexibility can be very useful in attacking relaxations
of some set covering problems. Thus, perhaps tight relaxations for other hard problems can be
found similarly by building a lift-and-project operator with suitable adaptations.
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